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Abstract
In this paper we derive a fourth-order nonlinear partial differential equation modelling the effects of suction/blowing on the
evolution of the free surface of a thin viscous film on a porous base. Gravity and surface tension effects are included. The
suction/blowing is modelled as an arbitrary function vn(t, r). The Lie group classification method is used to determine a first-
order quasi-linear partial differential equation satisfied by vn(t, r). This equation is coupled with the model equation and solved
numerically. New results are obtained which show how the free surface and the apparent contact angle vary with suction/blowing.
c© 2007 Elsevier Ltd. All rights reserved.
Keywords: Thin film; Surface tension; Suction or blowing; Lie point symmetries
1. Introduction
The problem of suction/blowing of a thin film has been considered by Davis and Hocking [1] and more recently
by Mason and Momoniat [2]. This problem has important application in the spreading of fluids on textiles, in inkjet
printing as well as in the analysis of the runoff of rainwater over soils. The spreading of fluids on textiles and inkjet
printing are important industrial applications. The analysis of the runoff of rainwater over soils is of particular concern
in areas where there is drought. When rains do return only a soil layer of small finite depth absorbs the water. The
remaining water is wasted as runoff, usually carrying essential soil nutrients with it. Very general models have been
developed to explore the interaction of water with soil. The model presented by Vellidis and Smajstrla [3,4] is an
approximation within the context of the theory of mixtures (see, e.g., Rajagopal and Tao [5]). The thin film approach
presented in this paper is an alternate approach to modelling soil/water interaction. The interested reader is referred to
the reviews by Oron et al. [6] and Myers [7] for more applications of thin film theory. Myers [7] in particular focuses
on the effects of surface tension on the spreading of a thin film.
In this paper we derive a fourth-order nonlinear partial differential equation modelling the effects of
suction/blowing on the evolution of the free surface of a thin viscous film on a porous base. Gravity and surface
tension effects are included. The suction/blowing is modelled as an arbitrary function vn(t, r) which is a velocity
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component normal to the substrate. As we only have one equation for both the evolution of the free surface, h(t, r),
and the suction/blowing, vn(t, r), neither quantity can be uniquely determined. To overcome this problem we perform
a partial group classification on the model equation, that is we derive a first-order quasi-linear partial differential
equation for the suction/blowing velocity vn(t, r). We couple this first-order quasi-linear partial differential equation
with the fourth-order nonlinear free surface equation to uniquely determine h(t, r) and vn(t, r). The coupled system
of equations is solved numerically in MATHEMATICA using the method of lines.
The Lie group technique has been used with success in solving problems from thin film theory (for example
Momoniat et al. [8,9]). However, as noted in these papers, one cannot always impose the necessary physical boundary
conditions on the group invariant solutions. In general, when reducing partial differential equations by similarity
transformations to ordinary differential equations the ability to enforce all the boundary conditions is lost. This is a
severe restriction when considering problems in a bounded domain. The group invariant solution restricts the boundary
conditions that the model can satisfy. The group invariant solution describing the gravity-driven spreading of a thin
film, first derived by Barenblatt [10] and then by Momoniat et al. [11] using Lie group analysis, is one of the few cases
where the group invariant solution is able to satisfy the physical boundary conditions. In this paper we demonstrate
how the Lie group technique and a numerical technique can be combined to obtain numerical solutions that do satisfy
physical boundary conditions. The interested reader is referred to the papers by Ibragimov et al. [12], Ibragimov and
Torrisi [13], Yu¨ru¨soy [14] and Pakdemirli and Sahin [15] for other applications of the group classification technique.
Baikov et al. [16,17] in particular perform a group classification on soil water equations. The interested reader is
referred to Rajagopal and Gupta [18] and Rajagopal et al. [19] for discussion and analysis of the flow of a non-
Newtonian fluid past a porous plate with suction or blowing.
The paper is set out as follows: in Section 2 we derive a fourth-order nonlinear partial differential equation
modelling the effects of suction/blowing on the evolution of the free surface of a thin film. A group classification
is performed on the model equation and a first-order quasi-linear partial differential equation modelling the
suction/blowing is obtained in Section 3. Numerical results are presented in Section 4. Concluding remarks are made
in Section 5.
2. Derivation of the model equation
The dimensionless Navier–Stokes equation and an equation for the conservation of mass for a thin viscous fluid
film in cylindrical polar coordinates are given by (see, e.g., Sherman [20] and Middleman [21])
∂p
∂r
= ∂
2vr
∂z2
, (a)
∂p
∂z
= −1, (b) 1
r
∂
∂r
(rvr )+ ∂vz
∂z
= 0, (c) (2.1)
where the flow is assumed to be axisymmetric with vθ = 0. Hence all quantities are assumed to be independent of θ
and depend on r , z and t only. In deriving the system (2.1) the following assumptions are made:
ho
L
 1, Re
(
ho
L
)2
 1, (2.2)
where Re = UL/ν is the Reynolds number. The characteristic radial velocity U = gh3o/(νL), the characteristic
velocity in the z-direction W = hoU/L , the characteristic pressure p = µUL/h2o, the Bond number Bo = ρgL2/σ
and the characteristic time T = L/U . The characteristic height of the fluid film perpendicular to the horizontal plane
is h0, the kinematic fluid viscosity is ν, the characteristic length of the fluid film is L , the gravitational acceleration
constant is g, the atmospheric pressure is denoted by po, the fluid density ρ and the constant value of surface tension
is σ .
For a finite film, the characteristic length L can be specified by the initial drop radius. For an infinite film the
characteristic length L can be specified as twice the distance from the axis of symmetry to a point on the surface
where the height is some suitable small fraction of the average height of the initial film.
The system (2.1) is solved subject to the dimensionless boundary conditions on the surface z = 0
vr (r, 0, t) = 0, (a) vz(r, 0, t) = −vn(r, t), (b) (2.3)
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and on the free surface z = h(t, r)
p(r, h, t) = po − 1Bo
(
∂2h
∂r2
+ 1
r
∂h
∂r
)
, (2.4)
∂vr
∂z
∣∣∣∣
z=h(t,r)
= 0, (2.5)
vz(r, h, t) = ∂h
∂t
+ vr (r, h, t)∂h
∂r
. (2.6)
Boundary condition (2.3a) implies there is no slip. Boundary condition (2.3b) implies that there is suction/blowing
at the substrate perpendicular to the substrate. Boundary condition (2.4) occurs as a result of the surface tension acting
on the free surface. Condition (2.5) indicates that there is no surface shear. Condition (2.6) implies that any particle
on the free surface must remain on the free surface for the duration of the fluid motion.
Using the equation for conservation of mass (2.1c) and the boundary conditions (2.3a) and (2.3b) the free surface
boundary condition (2.6) can be written as
∂h
∂t
+ 1
r
∂
∂r
∫ h(t,r)
0
rvr (r, z, t) dz + vn(t, r) = 0. (2.7)
Integrating (2.1b) and imposing (2.4) we find that
p(r, z, t) = po + h(t, r)− z − 1Bo
(
∂2h
∂r2
+ 1
r
∂h
∂r
)
. (2.8)
Integrating (2.1a) once and imposing (2.5) we obtain
∂vr
∂vz
= (z − h) ∂p
∂r
. (2.9)
Integrating (2.9) and imposing (2.3a) we determine the radial velocity to be
vr (r, z, t) =
(
1
2
z2 − zh
)
∂p
∂r
. (2.10)
Substituting (2.10) into (2.7) and evaluating the integral we obtain the free surface equation
∂h
∂t
= 1
3r
∂
∂r
(
rh3
∂h
∂r
− βrh3 ∂
∂r
(
∂2h
∂r2
+ 1
r
∂h
∂r
))
− vn(t, r), (2.11)
where
β = 1
Bo
. (2.12)
In this paper we consider a thin film of infinite radius. We solve (2.11) subject to the boundary conditions
∂h
∂r
∣∣∣∣
r=0
= 0, (a) h(t,∞) = 0, (b) (2.13)
∂3h
∂r3
∣∣∣∣
r=0
= 0, (a) ∂
3h
∂r3
∣∣∣∣
r→∞
= 0 (b). (2.14)
The boundary condition (2.13a) is due to the axisymmetry of the film about the axis r = 0. The boundary condition
(2.13b) ensures there is no singularity on the base as there could be in a thin film of finite radius. Boundary condition
(2.13b) is imposed numerically as
h(t,∞) ≈ dh, (2.15)
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where dh is the height of the precursor film (see, e.g., Middleman [21] and Myers and Charpin [22]). This is a well
known technique for overcoming singular behavior at the contact line. In this paper we have let dh = exp(−(5)2) =
1.388 × 10−11. When considering the numerical solution for the rotation-driven spreading of a thin film, Tu [23],
Hwang and Ma [24] and Reisfeld et al. [25] propose solving the model equation numerically subject to (2.13a) and
∂h/∂r → 0 as r → ∞. The boundary condition ∂h/∂r → 0 as r → ∞ is imposed to account for the ‘tea pot’
effect at the finite edge of the rotating disk. This boundary condition, however, also implies zero contact angle at the
edge. In this paper we assume that the substrate is semi-infinite. As a consequence of boundary condition (2.13b)
we are able to observe how the contact angle changes with suction/blowing. Myers [7] puts forward the additional
boundary conditions (2.14) necessary for solving the fourth-order nonlinear partial differential equation (2.11) from
the analysis of Hele–Shaw cells. McLeod and Rajagopal [26] point out difficulties in numerically solving problems in
infinite domains. We do not experience any of these problems here.
The first-order quasi-linear partial differential equation modelling the behavior of the suction is solved subject to
the boundary conditions
vn(0, r) = ±k, (a) vn(t,∞) = ±k, (b) (2.16)
where k < 0 is for blowing and k > 0 for suction where k is a constant.
For a stationary solution h = F(r) when β = 0 we obtain the second-order ordinary differential equation
d2F
dr2
= 1
r F3
(
3rk − F3 dF
dr
− 3r F2
(
dF
dr
)2)
, (2.17)
while for β 6= 0 we obtain the fourth-order ordinary differential equation
d4F
dr4
= 1
βr F3
(
−3r3k + F2
(
3r
dF
dr
((
β + r2
) dF
dr
− βr
(
d2F
dr2
+ r d
3F
dr3
))
+ F
((
−β + r2
) dF
dr
+ r
((
β + r2
) d2F
dr2
− 2βr d
3F
dr3
))))
, (2.18)
for constant suction/blowing vn = k. The second-order ordinary differential equation (2.17) is solved subject to
dF
dr
∣∣∣∣
r=0
= 0, F(∞) = 0, (2.19)
while the fourth-order ordinary differential equation (2.18) is solved subject to (2.19) with
d3F
dr3
∣∣∣∣
r=0
= 0, d
3F
dr3
∣∣∣∣
r→∞
= 0. (2.20)
The second-order ordinary differential equation (2.17) can be written as
d
dr
[
r F3
dF
dr
]
= 3kr. (2.21)
Eq. (2.21) is integrated once to obtain the first-order ordinary differential equation
r F3
dF
dr
= 3
2
kr2 + A, (2.22)
for A a constant of integration. Imposing the boundary condition dF/dr = 0 at the origin we find that A = 0.
Eq. (2.22) can be integrated again to obtain
F4 = 3kr2 + B, (2.23)
for B a constant of integration. We cannot impose the boundary condition F → 0 as r →∞. Instead, if we consider
a film of finite radius, we impose the boundary condition F = 0 at r = ro. Then (2.23) can be solved to give
F(r) = (−3k)1/4
(
r2o − r2
)1/4
. (2.24)
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Fig. 1. Plot of the numerical solution of (2.17) and (2.18) subject to (2.19) and (2.20) for different values of β and k.
Therefore we can only find a solution for blowing (k < 0). No solution exists for suction (k > 0).
We use bvp4c in MATLAB to solve (2.17) and (2.18). For blowing, k < 0 bvp4c works well. For suction bvp4c
cannot fit the boundary conditions. The reason for this is given above. The numerical solution of (2.17) and (2.18)
is shown in Fig. 1. We cannot impose the boundary condition at r = 0 because (2.17) and (2.18) are singular at this
point. Instead, we use r = 0.001 for the left-hand boundary. Making this value smaller does not affect the shape of
the profile. From the numerical solution of the stationary solution shown in Fig. 1 we can conclude that, for blowing,
the thin profile tends to flatten with increasing height. For β 6= 0 we observe the formation of a capillary ridge (see,
e.g., Middleman [21] and Myers and Charpin [22]). We also note that the contact angle becomes perpendicular to the
horizontal substrate. We use these results to verify the numerical solutions obtained for blowing.
3. Lie group analysis
In this section we use the Lie group method to perform a partial group classification on (2.11). Firstly, it is necessary
to calculate a Lie point symmetry generator of the form
X = ξ1(t, r, h)∂t + ξ2(t, r, h)∂r + η(t, r, h)∂h, (3.1)
admitted by (2.11) where ∂t = ∂/∂t , ∂r = ∂/∂r and ∂h = ∂/∂h. The coefficients, ξ1, ξ2 and η are related to the
transformations
t ≈ t + aξ1(t, r, h), r ≈ r + aξ2(t, r, h), h ≈ h + aη(t, r, h), (3.2)
where a  1 that leave (2.11) form invariant, that is, the transformations (3.2) that transform (2.11) into
∂h
∂t
= 1
3r
∂
∂r
(
rh
3 ∂h
∂r
− βrh3 ∂
∂r
(
∂2h
∂r2
+ 1
r
∂h
∂r
))
− vn(t, r). (3.3)
The coefficients ξ1, ξ2 and η can be determined algorithmically by solving the determining equation
X [4]
(
∂h
∂t
− 1
3r
∂
∂r
(
rh3
∂h
∂r
− βrh3 ∂
∂r
(
∂2h
∂r2
+ 1
r
∂h
∂r
))
+ vn(t, r)
)∣∣∣∣
(2.11)
= 0. (3.4)
The operator X [4] is the fourth prolongation (extension) of the operator X and is given by
X [4] = X + ζ 1∂ht + ζ 2∂hr + ζ 22∂hrr + ζ 222∂hrrr + ζ 2222∂hrrrr , (3.5)
where
ζi = Diη − (Diξ j )h j , i = 1, 2. (3.6)
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ζi1i2...ik = Dik ζi1i2...ik−1 − (Dik ξ j )hi1i2... j , k = 2, 3, 4. (3.7)
We have adopted the Einstein summation convention in (3.6)–(3.7). The operators, Di , are the operators of total
differentiation where
D1 = Dt = ∂t + ht∂h + ht t∂ht + hr t∂hr + · · · , (3.8)
D2 = Dr = ∂r + hr∂h + htr∂ht + hrr∂hr + · · · . (3.9)
The determining Eq. (3.4) is separated by coefficients of derivatives of h where ht is given by (2.11). An
overdetermined system of nonlinear partial differential equations for ξ1, ξ2 and η is obtained. Lie point symmetries
admitted by differential equations can be calculated using computer algebra packages like MathLie [27] or Lie [28,
29]. One can also investigate generators of transformations that treat vn as a dependent variable. These kinds
of transformations are known as equivalence transformations. The interested reader is referred to Ibragimov and
Torrisi [30] and Tracina´ [31] for applications of equivalence transformations. The interested reader is referred to the
books by Bluman and Kumei [32], Ibragimov [33] and Ovsiannikov [34] for more information on the Lie group
method.
Ignoring surface tension effects the model equation for the axisymmetric gravity-driven spreading of a thin film
with suction or blowing is given by the second-order nonlinear partial differential equation
∂h
∂t
= 1
3r
∂
∂r
(
rh3
∂h
∂r
)
− vn(t, r), (3.10)
which has been derived by Mason and Momoniat [2]. It was shown by Mason and Momoniat [2] by means of a group
classification that (3.10) admits the Lie point symmetry generator
X = (c1 + c2t)∂t + c3r∂r + 13 (2c3 − c2)h∂h, (3.11)
where vn(t, r) must satisfy the first-order quasi-linear partial differential equation
(c1 + c2t)∂vn
∂t
+ c3r ∂vn
∂r
= 2
3
(c3 − 2c2)vn, (3.12)
and where c1, c2 and c3 are constants. A group invariant solution admitted by (3.10) corresponding to the Lie point
symmetry generator (3.11) is discussed in Mason and Momoniat [2]. The analytical solutions presented by Mason and
Momoniat [2] only give solutions that have contact angles that are perpendicular to the horizontal substrate.
When surface tension effects are included we find that (2.11) admits the Lie point symmetry
Y = 3(b1 + b2t)∂t − b2h∂h, (3.13)
provided
(b1 + b2t)∂vn
∂t
+ 4
3
b2vn = 0, (3.14)
where b1 an b2 are constants. Eq. (3.12) reduces to (3.14) on setting c1 = b1, c2 = b2 and c3 = 0. The physical
significance of c3 = 0 is that vn = vn(r).
4. Numerical results
In this section we solve (2.11) coupled with (3.14) for β 6= 0 and (3.10) coupled with (3.12) for β = 0 subject
to the boundary conditions (2.13), (2.14) and (2.16). We assume that the free surface h(t, r) initially has a gaussian
profile, that is h(0, r) = exp(−r2).
Firstly, we consider the numerical solution of (3.12) subject to (2.16) for k = 0.1. The effects of different choices
of the constants ci on the numerical solution of (3.12) are shown in Fig. 2. In Fig. 2 we have plotted vn(0.5, r). We
note that for some choices of ci there is some instability that develops in the solution. For c1 = 5, c2 = 0.2 and
c3 = 0.01 we observe that the instability is not as pronounced. This is the choice of the constants ci we will use in
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Fig. 2. Plot of the numerical solution of (3.12) at t = 0.5 solved subject to (2.16) for different values of c1, c2 and c3 where k = 0.1.
Fig. 3. Plot of the numerical solution of (3.14) at t = 0.5 solved subject to (2.16) for different values of b1 and b2 where k = 0.1.
Fig. 4. Plot of the numerical solution of the free surface equation (2.11) coupled with (3.14) for β 6= 0 and (3.10) coupled with (3.12) for β = 0
solved subject to (2.13), (2.14) and (2.16) for k = 0. We have chosen c1 = 5, c2 = 0.2, c3 = 0.01, b1 = 1 and b2 = 1. The initial curve is given
by h(0, r) = e−r2 .
further calculations. We have chosen k = 0.1 indicating suction. Changing the values of the constants ci changes the
amplitude of the suction at t = 0.5.
In Fig. 3 we plot the numerical solution of vn(t, r) from (3.14) for different values of bi for k = 0.1 and t = 0.5.
Again we have the instability occurring in the solution. For b1 = 1 and b2 = 1 we observe that the instability is not as
pronounced. This is the choice of constants bi we will use in the rest of the paper.
In Fig. 4 we plot the numerical solution of (2.11) when there is no suction/blowing (k = 0) for different values
of the Bond number Bo. We recall that the Bond number varies inversely with the magnitude of the surface tension
according to the formula Bo = ρgL2/σ . We note that as Bo decreases, surface tension increases and we observe
the formation of a capillary ridge at t = 0.5. This is a well known effect of surface tension. The interested reader
is referred to Myers and Charpin [22] where the fourth-order nonlinear partial differential equation modelling the
spreading of a thin film under gravity, rotation and surface tension is solved numerically. The results presented by
Myers and Charpin [22] also show the formation of a capillary ridge. For β = 0.1 a capillary ridge forms at a later
time.
E. Momoniat, D.P. Mason / Computers and Mathematics with Applications 53 (2007) 198–208 205
Fig. 5. Plot of the numerical solution of the free surface equation (2.11) coupled with (3.14) for β 6= 0 and (3.10) coupled with (3.12) for β = 0
solved subject to (2.13), (2.14) and (2.16) for k = 0.1. We have chosen c1 = 5, c2 = 0.2, c3 = 0.01, b1 = 1 and b2 = 1. The initial curve is given
by h(0, r) = e−r2 .
Fig. 6. Plot of the numerical solution of the free surface equation (2.11) coupled with (3.14) for β 6= 0 and (3.10) coupled with (3.12) for β = 0
solved subject to (2.13), (2.14) and (2.16) for k = 0.4. We have chosen c1 = 5, c2 = 0.2, c3 = 0.01, b1 = 1 and b2 = 1. The initial curve is given
by h(0, r) = e−r2 .
Fig. 7. Plot of the numerical solution of the free surface equation (2.11) coupled with (3.14) for β 6= 0 and (3.10) coupled with (3.12) for β = 0
solved subject to (2.13), (2.14) and (2.16) for k = −0.1. We have chosen c1 = 5, c2 = 0.2, c3 = 0.01, b1 = 1 and b2 = 1. The initial curve is
given by h(0, r) = e−r2 .
In Figs. 5–8 we plot solutions for non-zero suction/blowing. Since (3.12) and (3.14) do not depend on β, we note
that for β = 0.01 and β = 0.1 the plots for vn overlap.
In Figs. 5 and 6 we plot numerical solutions h(t, r) and vn(t, r) for β = 0, β = 0.01 and β = 1 for the suction
k = 0.1 in Fig. 5 and k = 0.4 in Fig. 6. From the solutions for the free surface h(t, r), we note that for β = 0.01
and β = 0.1 a capillary ridge has formed. No capillary ridge forms for β = 0. As the suction increases from k = 0.1
to k = 0.4 the profiles decrease in amplitude while the capillary ridges for β = 0.01 and β = 0.1 get amplified. For
both k = 0.1 and k = 0.4 there is a decrease in radius, from our numerical infinity radius of 3. For k = 0.4 this
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Fig. 8. Plot of the numerical solution of the free surface equation (2.11) coupled with (3.14) for β 6= 0 and (3.10) coupled with (3.12) for β = 0
solved subject to (2.13), (2.14) and (2.16) for k = −1.5. We have chosen c1 = 5, c2 = 0.2, c3 = 0.01, b1 = 1 and b2 = 1. The initial curve is
given by h(0, r) = e−r2 .
decrease is greatest because the suction is strongest. The solutions for vn(t, r) decrease in amplitude from t = 0 to
t = 0.5. For β = 0 we have solved (3.12) while for β 6= 0 we have solved (3.14). The solution for (3.14) shows the
greatest decrease in amplitude. We also note the instabilities mentioned for Figs. 2 and 3 becoming more pronounced
as t increases.
Increasing the values of β corresponds to a decrease in Bond number and hence an increase in the constant value of
surface tension. Zero surface tension gives Bo = ∞ which is just β = 0. Irrespective of the Bond number, increasing
suction decreases the radius from our numerical infinity value of r = 3.
In Figs. 7 and 8 we plot numerical solutions h(t, r) and vn(t, r) for β = 0, β = 0.01 and β = 1 for blowing with
k = −0.1 in Fig. 7 and k = −1.5 in Fig. 8. From the solutions for the free surface h(t, r), we note that a capillary
ridge is present for β = 0.01 for k = −0.1 in Fig. 7. The capillary ridge for the case β = 0.1 has already been
flattened by the blowing. For k = −1.5 in Fig. 8 we note that the capillary ridges no longer appear. The amplitude
of the film has risen above that for t = 0. It appears as if the height of the free surface h(t, r) is becoming uniform.
The film height may eventually violate the thin film approximation. Our model equation will then no longer be valid.
In Fig. 8 the amplitude for the case β = 0 increases at a faster rate when compared to the cases for β = 0.01 and
β = 0.1 in Fig. 8. This is because surface tension effects are not present. These results are confirmed by the results
obtained for the stationary solutions in Fig. 1 indicating that the free surface becomes uniform with a contact angle
perpendicular to the substrate. Note here that the contact angle occurs as a result of infinity being at r = 5. This
is an artificial contact angle effect. We also note that there is no change in the radius of the film as infinity is fixed
at r = 5.
In Fig. 9 we consider the suction boundary condition
vn(0, r) = sech(r2). (4.1)
Unlike in previous cases, the contact angle here, again as a result of infinity being set at r = 3, remains zero. The
capillary ridge for β = 0.01 remains while the case β = 0.1 forms a capillary ridge at a later time. The case β = 0
flattens as time increases.
5. Concluding remarks
The standard approach is to determine vn from a pre-determined physical model for suction or blowing. In the
new approach introduced here, vn is determined from the symmetry properties of the free surface Eq. (2.11). In this
paper we have derived a fourth-order nonlinear partial differential equation modelling the effects of suction/blowing
on the evolution of the free surface of a thin viscous fluid film on a porous base. The suction/blowing is modelled
as an arbitrary function vn(t, r) which is a velocity component normal to the substrate. We use a partial Lie
group classification technique to determine a first-order quasi-linear partial differential equation satisfied by the
suction/blowing vn(t, r). The first-order quasi-linear partial differential equations are related to the structure of the
model equation. For β = 0, zero surface tension, we obtain (3.12) while for β 6= 0 we obtain (3.14). We note
that (3.12) and (3.14) have no dependence on β and hence on the surface tension. This reflects the fact that the
E. Momoniat, D.P. Mason / Computers and Mathematics with Applications 53 (2007) 198–208 207
Fig. 9. Plot of the numerical solution of the free surface equation (2.11) coupled with (3.14) for β 6= 0 and (3.10) coupled with (3.12) for β = 0
solved subject to (2.13), (2.14) and (2.16). We have chosen c1 = 5, c2 = 0.2, c3 = 0.01, b1 = 1 and b2 = 1. The initial curves are given by
h(0, r) = e−r2 , vn(0, r) = sech(−r2).
Fig. 10. Plot comparing the numerical solution of (3.10) coupled with (5.1) solved subject to (2.13) and (2.16) using MATLAB and
MATHEMATICA for different values of k. We have chosen c1 = 1, c3 = 0.01, b1 = 1 and b2 = 1. The initial curve is given by h(0, r) = e−r2 .
suction/blowing is a property of the substrate and not the free surface. Future work involves determining values for
the constants bi and ci that match particular porous substrates.
We have solved the model equation (3.10) coupled with (3.12) for β = 0 and (2.11) coupled with (3.14) for β 6= 0
using MATHEMATICA. To use MATLAB we need to write (3.12) in a particular form suitable for use with the
MATLAB partial differential equation solver pdede. We have to let c2 = 2c3, then (3.12) can be written as
3(c1 + 2c3t)∂vn
∂t
= −3c3 1r
∂
∂r
(
r2vn
)
, (5.1)
which is the appropriate form for using pdede in MATLAB. In Fig. 10 we compare the results obtained using
MATLAB and MATHEMATICA when solving (3.10) coupled with (5.1). We note the results are the same for both
MATLAB and MATHEMATICA. Using MATHEMATICA gave us greater freedom in the choice of constants.
From the numerical results obtained in this paper we can conclude the following: for no surface tension, β = 0
(Bo = ∞), constant suction gives a decrease in the radius of the thin film with increasing contact angle. Constant
blowing increases the height of the thin film with the contact angle becoming perpendicular to the substrate. When
surface tension effects are included, β 6= 0, there is the formation of a capillary ridge. Constant suction increases the
amplitude of the capillary ridge while decreasing the radius of the thin film. The height of the free surface becomes
uniform with constant blowing and the height of the capillary ridge decreases. For β = 0, non-constant suction causes
the flattening of the thin film. When we consider non-constant suction, we note that the contact angle remains zero.
For β = 0 the profile flattens, while for β 6= 0 there is the formation of a capillary ridge.
The results obtained here relating to the effects of suction and blowing on the contact angle are more applicable
to finite drops. Future research will be directed toward investigating the effects of suction and blowing with surface
tension on a finite drop. The results obtained in this paper can be applied to soil/water interactions. Suction corresponds
to water being absorbed by dry soil. Blowing corresponds to water being expelled from the saturated soil. Water runoff
can be attributed to the steepening of the contact angle.
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